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MATHEMATICS WITHOUT WORDS NOR FORMULAS

Slavik Jablan and Ljiljana Radovié¢*

The Mathematical Institute, Belgrade
*Mathematics Department, Faculty of Mechanical Ewegring

1. SYMMETRY

The laws of nature and the objects of human creadie representations of symmetry.
A.V. Shubnikov refers to this in his book “Symmetry Science and Art” [1]. He defines
symmetry as "the law of construction of structusbjects". Owing to its universality and
synthesizing role in the whole scientific systeertain modern-day authors give to the theory
of symmetry the status of a philosophy categorytdrms of its ability to express the
fundamental laws of order in nature. The existenicéhe word for symmetry in different
languages: simmetrid in the Greek and Latin,samitd in Sanscrit, ketsé or ,toant in
Hebrew, dei cheng in Chinese, taishd or ,kens€i in Japanese, witnesses about the
importance and universality of the concept of syrmmén European culture, the meaning of
the word ,,symmetry* originates from Greek philosg@ind aesthetics. The term ,symmetry*
is connected to a whole spectrum of philosophitketie terms: harmony, proportionality,
well-behaved formetc

Symmetry in art reflects symmetry in nature. Silaeolithic times, the oldest period of

human civilization, symmetry has played an impdrtate. A handprint was probably the

oldest symbol in the history of mankind, the fistempt of a man to leave evidence of
himself. He also made the negative of this imdgetook a color and sprayed around his
hand, leaving the part of the wall the hand ocalipiecolored. After the first man made his
handprint, others tried to do the same, and weirsddaa pattern: an ornament, a structure
based on repetition of the same motif (Fig. 1).
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Figure 1. Cave handprints



Many possibilities for new designs are based omsymimetry ( ,black-white* symmetry).
Our left and right hands are symmetric, but if ymint your left hand black, and right hand
white, they become asymmetric. Antisymmetry is siyeametry of opposites: positive and
negative, light and shadow, black and white. Itsndim can be extended to different
geometrical properties, e.g., the relations of y@aconcave®, or ,over-under“. Therefore,
antisymmetry can be used for so-callelimensional transition. If you have an
antisymmetrical (,black-white") structure in theapke, e.g., antisymmetric rosettes, friezes, or
ornaments, their black parts can be considerectpléced under the plane, with the white
parts over the plane. In this way, from the 2-disenal symmetry patterns of rosettes,
friezes, or ornaments, we can obtain 3-dimensiegaimetry structures with their invariant
planes being tablets, bands, and layers.

Figure 2: (a) A man fighting with his shadow; (b) “Clown” hyictor Vasarely.

This figure shows different forms of antisymmetitye use of the relation ,figure-ground®,
Jight-shadow* we see a man fighting with his own shadow, amdftlim of a clown. The
graphics by Victor Vasarely consists of black amdite squares, which, thanks to the
invisible borders between the squares, gives oisled figure of a clown.

2. ORIGINS OF ORNAMENTAL ART

We have found that the oldest examples of ornartientan Paleothic art were from Mezin
(Ukraine), dated to 23 000 B.C. Note that 23 08éry is a time period five times longer than
the complete written history of mankind. At firdagce, the ornament on the right side of Fig.
3a appears to not be significant, it is an ordirsatyof parallel lines. On the right side of Fig.
3b this pattern is transformed into a set of paratig-zag lines— an ornament with a
symmetry group of type pmgenerated by an axis of reflection perpendiculartother axis

of glide reflection. Let's see how the creativeqass for the design of this ornament may
have developed. Imagine a modern engineer who ®egiconstruction project. At first he
makes a rough sketch, and then he begins to work sasiously to solve the problem.

The next series of ornaments from Mezin is moreaaded. The previously mentioned sets of

parallel lines are arranged in friezes and meapdéterns that can still be considered as
sketches (Fig. 3c,d).
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Figure 3: Basic patterns from Mezin.

In Figure 4 we see the final result, the mastegsienf Paleolithic art the Birds of Mezin
decorated by meander ornamentation and the bradéletman of prehistory has appled the
symmetry constructions that he learned, and heleserved them in bone for history. On the
mammoth bone, he engraved meander patterns whjmlesent the oldest example of a
rectilinear spiral in the form of a meander (veopplar, e.g., in the Greek art)

(b) ©
Figure 4: (a) Bird of Mezin; (b) Mezin bracelet; (c) develogmdcelet.

In the Mezin bracelet we notice that there is aticoous transition from one ornament to
another via a third ornament: on the left cornen gan see the meander ornamentation, then
the set of parallel zig-zag lines used as a symbuwlater, and again the continuous transition
to another meander pattern. In order to make aregnis transition from one pattern to the
next, it is neccessary to have a relatively higielleof the mathematical knowledge and
precision, which is unexpected for Paleolithicesr{2]. A similar concept we can recognize
in the ,Metamorphoses" by M.C.Escher (Fig. 5).

Figure 5: Metamorphoses" by M C Escher
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Figure 6: Modular key-patterns



How is the continuous transition from one ornantergnother made? The ornaments on Fig.
6 very differ one from another. Among them areckl@hite and colored ornaments, and at
first glance, it appears that there is no unifyiminciple. Their common property is that they
all consist of a single element (module). Notice simall black-white square in the middle. It
consists of a set of parallel diagonal black ahétevstrips. If this square is used as the basic
motif, then all of these ornaments can be consttldtom it. We call this method of
constructionthe principle of modularity Our goal is to construct all ornaments or strees

by using the smallest number of basic elements ¢hs)l and to obtain, by their
recombination, as many different ornaments (stines)) as possible. This module, a square or
rectangle with a set of parallel diagonal black amite strips, we will call an Op-tile. It is the
basis of Mezin meander patterns (Fig. 4).

Figure 7 shows a series of ornaments from Titsaul(Hungary) and Vincha
(Serbia), dating to 3 000- 4 000 B.C. They arentgai on ceramic and can be found in all
similar Neolithic settlements. How did the Neolihpeople come to the idea of constructing
such ornaments? We will try to show that all ornateevere derived from the simplest of
human technologies: basketry, weaving, mattingjtipta or textiles. Then the best of
ornaments (in an aesthetic sense) were copiedetcstiilonger media of bone, stone, and
ceramics. Many of these ornaments are obtained frdenlaced patterns (fabrics) or from
textiles. If we take two bands of different colansd make the simplest possible interlacing
pattern: ,over-under”, ,over-under‘,...we obtain ethantisymmetric (,black-white®)
checkerboard pattern. By replacing the simple cooleer-under”, ,over-under”,...by a more
sophisticated code (a repetitive algorithm), weaobtmore complex and visually more
interesting interlacing patterns [3]. Notice thabaments from Vinca (Fig. 7b) are all based
on meanders, continuing the tradition of Paledlitiinaments from Mezin.
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Figure 7: Neolithic ornaments from (a)Titsa culture (Hungar) Vincha (Serbia).

Figure 8: Neolithic ornaments on ceramics: Tisza (Hungaryec@eni (Romania), Vincha
(Serbia), Dimini (Grece), Tisza and Miskolc (HungaiSerra d'Alto (Italy), Rakhmani
(Greece).

@ (b)
Figure 9: (a) Neolithic plate from Portugal; (b) Neolithigfirines from Vincha (Serbia) ,
Titsa region (Hungary), and Vadastra (Romania).

In this sense, it is very convincing to observe ffig. 9a shows a well dressed Neolithic man
wearing a dress with stripes, similar to the modided for the construction of the ornaments
from Mezin. In Fig. 9b there are Neolithic figuriethe first from Vincha, the second from
the Titsa region (Hungary), and the third from V&tda (Romania), where on parts of their
clothes appear very similar types of meander orméamien transferred from one culture to
the other. This is also a testament to the notiahtextile ornamentation was used as a model
for similar ornamentation on ceramic. The bestilextatterns were copied to ceramic vessels
which requires great skill, since the surface & teramic vessels are curved. We can find
similar examples all over the world (e.g., in N#uot Lapita ceramics from Fiji (Fig. 10a), or
Anasazi ceramics (Fig. 10b).

Figure 10 (a) Lapita ceramics (Fiji); (b) Anasazi ceramics.

Usually, ,black-white* represents the relation beén a figure and the ground. In almost
every image we know which is figure and which isugrd. However, if figure and ground are
congruent, each of them can be called ,figure* gnopind“. Ornaments in which we are not
able to distinguish a figure from the ground arfledakey-patterns because their parts fit
perfectly as a lock and key: the black part fitsfeetly with the white andiice versaThese
kinds of ornaments occur in different cultures afi$tin space and time: Chinese, Mexican,
European, in Celtic ornaments (Fig. 11), and eveneolithic ornaments from Fiji. Nearly
the same ornaments occurred independently in fiferatit parts of the world because thay
have the same geometric basis: they are constrbgtasing the same geometric principles.



Figure 11: Key patterns.

3. MODULARITY IN ART

Modularity in science and art provides an applaatof the principle of economy in which
from a minimal number of initial elements (modulef)rough their recombination, we
construct the maximum number of possibilites. is tonstruction it is best to make an equal
use of the modules. The tool useful for this is sygtry. Scientists have always searched for
the basic building blocks of nature, in physicserofstry, biology, and the other sciences. In
Plato’s philosophical treatise ,Timeus", (writtem the style of a Socratic dialogue), the four
basic elements in nature: earth, fire, air, andewatre identified with the regular polyhedra:
cube, octahedron, icosahedron, tetrahedron, anélfth regular polyhedron, dodecahedron,
represented the Universe. In physics, beginningnfreubatomic particles, atoms, or
elementary energy entities, quarks, the units oftanar energy, scientists try to explain
nature by using modularity. A similar tendency ascun art and design (especially
ornamental).

One of the most famous modular tiles are TrucHes,tiantisymmeric squares, used as the
module for the constuction of all the ornamentsash@ Fig. 12. The antisymmetric square
or Truchet tile, was used beginning in Neolithiméis, in the ornamental art of different

cultures.
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Figure 12: Truchet tiles and patterns constructed from them.

It is possible that there is no Neolithic cultuhatt has not used it. An eclectic Dominican
Father, Sebastian Truchet in 1704. started tdyzmall possible arrangements (up to
isometries) that can be obtained in a restrictatl gfathe plane (in a square of dimensions
8x8) from this unit tile that was the ,Truchet tilelruchet’s results, which represent the
beginning of European combinatorics, are describetthe work of Dominique Douat from
1722. A modification of the Truchet tile, that wellveall the Kufic tile, is the simplest Op-
tile, a white square with one black diagonal stap,it's negative. It permits curvilinear
variations and gives inexaustable possibilitiesifsruse in graphical design and sculpture
(http://www.iit.edu/~kufiblck), especially for ornamental writing of texts iretiform of so-
called Kufic scripts, or Kufic calligraphy [10]. Gichet tiles, Kufic tiles and their curvilinear
variations play a very important role in computeaghics [11]. From Kuffic tiles, Donald
Knuth created very attractive TeX font [12].

“Knot Tiles” can be used as square playing cardddg an interesting game. The goal of the
game is to close a knot (one-component curve).\Edayer at the beginning of the game gets
the same number of randomly chosen cards. The mpldye closes a curve picks up all the

cards belonging to the curve. The winner is thgerlavho, at the end of the game, gets the
most cards.

Figure 13: Knot Tiles.

The game has two variants: closed and open. Ifirdtevariant, players cannot see the cards
of the other players. In the open variant, whichizre interesting because all cards are open,
every player can see the cards of the other plagmds accordingly, can try to execute an
optimal strategy. The mathematical optimizatiorthef strategy of this game is very complex
and probably exceeds the power of the modern carguthe element in the form of a kink
is a kind of joker, because sometimes it closesr@ecin only one step, but you need to use it
very economically and try to use it at the optimalment when you can close a larger curve
and pick up many cards.

,Op-tiles* are a set of modular elements which ¢stssof two rectilinear antisymmetrical
tiles (a positive and negative). It can be extentie the set consisting of five elements,
including two curvilinear tiles and one antisymmnett Truchet-like tile. From these tiles it is
possible to construct an infinite collection of m@ablack-white designs remaining us to the
twentieth century art-style known as ,Op-art‘ (opt art). Searching for the oldest example
of ,Op-tiles”, we find them in the ornaments of NiezUkraine, 23,000 B.C.). For such
modular elements as a square with a set of padifigonal black and white stripes and its
negative, we also use the name ,Versitile*, prodobg the architect Ben Nicholson who
discovered the same family of modular tiles by yriah Greek and Roman meander friezes



and mazes. Key-patterns constructed from Op-tilesdyre powerful visual effects of
flickering and dazzle, thanks to the ambiguity whimcurs due to the congruence between
Jfigure” (the black part) and ,ground” (white paxj the key-pattern, when our eye oscillates
between two equally probable interpretations.
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Figure 14:“Op-tiles” and graphics constructed from them.

The next figure shows mosaics from Antioch using émbiguity of the relation ,convex-
concave”. In classical linear perspective whereoating to the dimensions of the objects
(since all perspective lines converge to the saamisting point), and light and shadow, we
have no doubt which objects are convex, and whiehcancave. Here again we are faced
with a dilemma to choose between two equally pdssitierpretations. If you look the figure
in the middle, you are not able to decide whether ¢convex or concave. The two figures on
the left and right side of the figure contain Nackad Koffka cubes and offer the possibility
of two equally valid interpretations.

Figure 15: Mosaics from Antioch

The basic building block of impossible objectshie Kofka cube: a regular hexagon divided
into three congruent rhombuses that can be usadspace ,turning point* (switch). All three
sides of the Kofka cube are identical, so we catelbfrom which of three equally possible
points of view it is being viewed, whether it isne@x or concave, or even if it represents a
3D-object, or is it a regular hexagon consistingttoke rhombuses, which, acted upon by
plane isometries, results in a rhombic tessellafitre oldest examples of impossible objects

are based on the ambiguity of the relation ,congereave“. However, impossible objects
really entered into the domain of mathematics @aedvisual arts in the twentieth century.
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Figure 16: Designs for a logo “3T", using Koffka cubes

The Kofka cube and Penrose tribar are the firstrgles of that kind. They became very
popular and are used as the geometric basis forahstruction of many artworks based on
impossible objects (e.g., graphics ,Belvedere* aféffall“, or ,Ascending and Descending”
by M.C. Escher). As a result of combining (gluingdffka cubes we obtain different
impossible figures. One Kofka cube produces thesitin ,convex-concave* or ,2-
dimensional-3-dimensional“, but the combinationtwb Koffka cubes with a common edge
gives the very strange impression of an objech worsion. Continuing to piece together
Kofka cubes, we obtain the most famous impossibjead, the Penrose tribar (Fig. 17).

Figure 17: A development from Koffka cube to Penrose tribar.

4. ETHNOMATHEMATICS

Ethnomathematics is a relatively new field of thathematics. The name ,ethnomathematics"
is composed from the words ,ethno* and ,mathematcal shows that different native, non-
European cultures, developed their own mathematidsworked on it for centuries [4]. From
examples of the ornaments from Tonga Island we senthat the people of this culture
succeeded in exhausting almost all antisymmetryupggoof friezes and to construct an
enormous number of differents patterns, based gnostlantisymmetry. The most of these
patterns can be constructed from only a few bdsiments (modules). One of such modules is
a Truchet tile.



LI LO0 O T T T OO IO

o - T

N4

R R
T Y i
LA A

——— ——

= '\ ‘1 |:‘ =l
CERCNIN O] |

-t Ili

Figure 18: Tonga patterns.

The name ,mirror-curve®, introduced by Paulus Gerd®turally follows from the following
construction: take a regular rectangular grid &@[placed in a rectangle of the dimensions
axb, with the external edges representing the mirramnsl with additional two-sided mirrors
coinciding with the internal edges or perpendicttathem at their mid-points. A ray of light
emitted from one mid-point, making a 45° angle wite edge, after a series of reflections,
will close one component. Beginning at a differstairting points, we continue with the same
algorithm until the whole step-graph is exhaustesla result, we obtain a mirror-curve. An
analogous construction can be used to construcbmgurves in an arbitrary portion of a
plane polygonal tesellation. Different cultures swuacted mirror-curves: knot diagrams
placed in a plane tessellation. They occur in Telekand drawings, and Tamil and Celtic
ornamental art. We are interested in understanttiegmathematical principle behind their
construction.

Begining with a portion of a polygonal tessellatiiithe plane, we connect the mid-points of
adjacent edges and obtain a 4-valent graph: fowredges calledtepsmeet at every vertex
of this graph. We move along an edge of the gragtih we come to a vertex; we continue our
path by going straight through the edge laying ketwthe two remaining edges. Every
closed path obtained in this way, where every stapirs only once, is calledcamponentA
mirror-curve is the set of all of its componentseB mirror-curve can be transformed to a
knot or link diagram by introducing the relationvgs-under* at every vertex of the graph.
After introducing the relation ,over-under” at eyerertex, the vertices of a mirror-curve are
called crossings A “perfect” design (mirror-curve) has only one ntouous curve
(component). Tamil curves, consisting of a singleve are called pavitrant (,ring“) or
»Brahma-mudi (,Brahma’s knot“) and represented a kind of cudiideal.

Figure 19: Tamil mirror-curves.

Tchokwe sand drawings, calledsgnd designs played a very important role in the
transmission of knowledge from one generation te thher. Children enjoyed drawing
mirror-curves in the sand with their fingers, simitylized drawings of different animals,
birds, or human figures, followed by stories anésaMore complex drawings were carried
out only by the experienced story tellerakya kuta Sorfa= ,those who know how to
draw"), which played the role of highly valued ¢bars, part of the intellectual elite of the
Tchokwe society.

Celtic knots are the highest order of interlacedaorents, and they are also constructed as
mirror-curves. From the mathematical point of viemifror-curves belong to the knot theory
and can be analyzed as knot and link diagramsegtiops of knots and links onto a plane
[8,9].
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Figure 20: Tchokwesand drawings and Celtic knots.
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1. INTRODUCTION

The growing technologization, digitalization, netk«zation and increasing complexity of
everyday life making our surrounding reality higinhathematized. Through various channels
mathematics is structuring our society, it has mdamental impact to our culture and an
enhanced significance for all citizens in the vesireloped countries. Oddly enough, the
abstractness of mathematics as a science makesispecial discipline and detaches it from
the context and experience of everyday life. Thisadhment often raises difficulties and
negative attitudes towards mathematics. Mathematissa special discipline, also often
understood as a male domain. The continuously dst@gap between the mathematics as a
governing knowledge of our everyday life and thgative attitudes toward mathematics [1]
holds innumerable dangers for the welfare socielieg. the lack of engineering students can
dramatically hinder innovation. Just as the esalabf the non-understanding of the
determining technical, economic, social procestas@an lead to the rapid weakening of the
equal access to the controlling systems which éslthse of the democratic welfare state.
Flexibility and proactive initiatives are neededptevent the further growth of the 'math gap'.
We have to discover, establish and verify new agqines that characteristically make clear
the mathematics' diversified cultural embedding agidforce its role and significance in
society [2].

The knowledge gained through blurring the boundawé art, science, and technology
becomes our common experience of heterogeneity, thisdcommon experience is also
expressed in the transformation of our sociocultpractices. An integrated approach to art,
science, technology, mathematics, and the flexybibf the learning environment that
considers all these sociocultural changes can dduptively and most efficiently established
in the educational system. This should take placeurrently with acquiring new models of
networked researching [3], learning through acto reflection, collective cooperation [4,
5], and experiential methods, which often infuseedi experience with the learning
environment and content.



The school that is built upon the dogmatic segntemtaof knowledge and the pedagogy of
strictly fixed roles is less effective today. Byymanulti-modal flexibility that involves several
variables of the teaching / learning process hasulsineously become an indispensable
precondition for meeting the ever-increasing andeaianging demands that education has to
face today. In the field of experience-centeredhmaiatics education, all these developments
prompt us to enlarge the set of pedagogical toots raaterials to complement the STEM
(Science, Technology, Engineering and Mathematinggration with aesthetic, artistic,
creative and holistic design aspects and make tost rof the successful models of
cooperation among mathematics, sciences, andeduts [

What do mathematicians mean by 'beauty’ and 'eig&i And for artists who make use of
mathematical knowledge in their work, what conggisua research practice? What happens to
mathematical knowledge, discoveries, visualizatiom®dels, and simulations when they
become the subject of aesthetic reception, ortiartapplication, or performance? What
mathematical significance can be attributed to ekved art or a game? What new results can
be produced from the special perspective that coesbimathematics, arts, and games? How
can we make the most of these results in education?

In the open network of the Experience Workshop MathMovement for the experience-
centered education of mathematics, establishe®®3 21 Hungary and led by the author of
this article, almost one hundred scholars, artistgineers, architects, teachers of various
subjects, craftsmen, and toymakers look for ansteetsese questions through various forms
of interactive, hands-on, skill based, play-oriénteand experiential combinations of
mathematics and arts. Our aim is to involve thdestts and their teachers and families into a
vibrant dialogue between the mathematical andtartmints of view and raise our own
personal interests in the field where mathematiadl artistic thinking and practice merge. By
researching the various possible connections betvgeeentific and artistic education the
Experience Workshop Movement's members are cotitndpuo the development of new
educational approaches that can be fruitfully immated through the organization of math-
art festivals, art and science workshops, interacthath-art exhibitions, conferences, and
even in the development of new inside / outsideicula in everyday teaching [7].

The Experience Workshop contributes to severalrratéonal projects. It was an official
event of the European Year of Intercultural Dialedn 2008, and of the European Year of
Creativity and Innovation in 2009, and of the P@d€P- European Capital of Culture project
in 2010. In 2011-2012 the Experience Workshop leaHsingarian-Croatian cross-border co-
operation project for the development of mathemsaicience and art education in Hungarian
and Croatian high schools. The members of the mememre cooperating with many local
and world organizations, institutions, internatioresearch groups, university programs, and
art communities which are in turn interested in thkationship between mathematics, art,
science, games, and education. Nearly ten thoustadeénts and several hundred teachers and
parents have attended our events and our publisafy 9] are becoming popular among a
growing circle of experts in the Hungarian eduaadipartistic, and scientific discourses.

EXPERIENCE WORKSHOP

- PERIEGE<ET
MATH/ART MOVEMENT

www.experienceworkshop.hu

Figure 1: The Experience Workshop's logo, designed by Bakaidczy, combines a
paradoxical geometric object, the Mobius strip,haatdifficult mathematical idea, the
infinite.

The goals of the Experience Workshop:

a) Integrating the pedagogical results of using sgience, and play-centered learning
into the teaching of mathematics in activity- ancberience-centered educational
programs.

b) Organizing various math-art events in Hungargt anits neighbouring countries for
the introduction of best practices concerning tlpeeience-centered teaching of
mathematics.

c) Familiarizing the students and the current andré teachers in public education with
the most recent results of experience-centered emdtics education; researching,
collecting, and publishing the main domestic anterimational achievements and
making these accessible for the broadest scigrifitstic, and teaching communities.

d) Expanding the set of tools used for increasintearner's mathematical, logical,
combinatorial, and spatial abilities, structurethiting skills, developing perception,
aesthetic sensibility, motivating collaborative fglem solving, interdisciplinary and
inter-artistic approaches on all levels, and imrg¥ield of education.

2. THE IMPORTANCE OF USING TOOLS IN EXPERIENCE-CENT ERED
MATHEMATICS EDUCATION

Representatives of the most notable trends in mefpedagogy (e.g. Montessori, Steiner,
Freinet, Petersen, Neill, Parkhurst) and the agtiviexperience-, and game-centered
alternative pedagogies that draw upon their wdrktgdch great importance to the use of tools
embedded in the teaching and learning process TH@).educational purpose of the revival of
traditional crafts, the play-oriented and creatieéivities involving various objects, the use of
modelling kits, manipulatives, and multimedia téaghmaterials, creating artworks and
innovatively re-organizing the learning environméogether can create various opportunities.
These opportunities should be given a key role hie tath-art education practice:
“Mathematics, the language of science, is securgdhe young child’s understanding of
basic symmetries: translation, rotation and reflent These rudimentary transformations are
used to develop a primitive topological space dtutsd by relations of proximity,
separation, surrounding and order. These early raathtical relations are qualitative, not
guantitative and their representations are struetlisymbolically; not as numbers. They are
developed through work with 3-dimensional actisit&ich as block play, woodworking and
sculpture and expressed through the practice ofdxetwing and painting.”[11]

It has been shown that a creatively used educattonh— which can be a simple piece of
fruit, a game, a toy, a scientific model or a woflart — can to a considerable extent alter the



relationship of students to their studies and ewvetheir teacher and to each otheXll‘these
activities extend the standard teaching programd develop the creative thinking of the
students by burdening their left and right cerebfe@mispheres more or less equally
balanced, and by facilitating interaction betweére two hemispheres of their brain. The
creative artistic practice helps the children todenstand and familiarize the algebraically
formulated regularities of mathematics, and conités to their abilities to make abstract
mathematics conscious [...]. Experience workshops ilim@b synergies with a
multidisciplinary approach and cooperative learnih§l12]

A tool used in the educational process proves tadlechosen and successful in practice if
the activity carried out with it redefines eventats position in the pedagogical situation.
Consider the following conditions: (a) if both thbject and the pedagogical method used for
its introduction into the process arouse curiosityl stimulate a playful mind, encouraging
both the learner and the teacher to engage in \disgo participative analysis,
experimentation, creative work or free play, andi{tboth the student and teacher are given
the opportunity to change roles occasionally, ttienentire structure of the teaching/learning
process is flexibly transformed, making the accashmphent of the complex pedagogical
objectives much easier.

By using activity-centered teaching methods in reathtics education, the traditional
unidirectional communication models can be repldogdooperative learning methods and
content that focuses on the student and is seasitivthe various social and individual
challenges. When students participating in theniear process expand their mathematical
knowledge and develop their abilities and skillotlgh activities of their own and activities
carried out together with their peers, they haveentd a need for self-directed learning. At
the same time they acquire the complex personalsacil abilities that are required for
successful cooperation and collective problem sglvirhe interaction between individual and
collective learning through artistic and playfulntents pave the way towards a balanced
approach enabling the mathematics teacher to acfaslitator, to bring existing knowledge
to the surface in subtle ways, and to create aunnog atmosphere for learning from one
another [13].

As it is often described in the literature on exgetial education, these new roles and
structures may seem unfamiliar to both studentsaaluits in school: Traditionally, students
have most often been rewarded for competing rathan cooperating with one another.
Teachers are not often called upon for collabomtivork either. Teaching has traditionally
been an activity carried out in isolation from angeers, behind closed doors. Principals,
accustomed to the traditional hierarchical struawf schools, often do not know how to help
their teachers constitute self-managed work teantsow to help teachers coach students to
work in cooperative teams[14] However, our experiences have shown thatEkgerience
Workshop's events stimulate and make an importanitibution to the natural transition from
the old school to the experience- and student-oeshigew structure.

3. INTRODUCING THE EXPERIENCE-CENTERED APPROACH TO THE
TEACHING OF MATHEMATICS IN HUNGARIAN PUBLIC EDUCATI ON

The connections between mathematics and the hes;reative and practical application of
hands-on activities and, last but not least, thaching of mathematics using an
interdisciplinary and inter-artistic approach haveich modern tradition and an extensive
international system of institutions. Oddly enowid contrary to wide distribution of the

originally Hungarian mathematics education toold arathematical toys (e. g. Dienes blocks,
Rubik's Cube), all this is however rather underespnted in Hungarian public education and
it is nearly entirely missing from the Hungariaradker training. The introduction of the
results of reform pedagogies and many of theiraetire aspects to different public
educational institutions in Hungary is often metthwinumerous difficulties [15]. The
development or implementation of a complex pedagbgmethod in the teaching of
mathematics might, in many cases, require the foemstion of the entire institutional
structure. Given that even a small change affe¢gaghing norms or the general structure of
subjects may give rise to conflicts between théedkht actors in the education system, most
of the pedagogical innovations in the teaching athamatics can be introduced in public
education only in the form of activities carriedt mutside the regular classes. However, in
addition to introducing forms of education outsid@sses and working out programs designed
to identify and develop talents, it is equally impat to study and develop the modern
methods of education within the school, spread pesttices, and recognize and make the
most of the simple fact that everybody has a sptdent for something.

The state-controlled top-down transformation of $kreicture of subjects may not be the only
way to resolve the conflict between the constrairitaposes on the education process and the
interdisciplinary and inter-artistic foundation afathematical knowledge. Respecting the
present structures of Hungarian public education.explore the interdisciplinary and inter-
artistic connections in an experience-centered erarihereby stimulating the students, their
parents and teachers themselves, offering new appbes for the teaching of specific topics
of mathematics. All this requires the math teaceat sometimes the families to engage in
research, and have intensive interest in issuescince, art, technology, culture and
education that goes well beyond the narrow bouadaf the subject, and the acquisition of a
certain level of expertise in the objects, techgi@s, methods and activities to be used.

4. THREE EXAMPLES: THE EXPERIENCE WORKSHOP'S GIGANT ILE, THE
GEOMETRICAL HOPSCOTCH AND SAXON'S POLY UNIVERSE TOY FAMILY

Squids-and-Rays.Robert Fathauer's revolutionaBguids-and-Raypuzzle, originally with
small pieces that resemble sea creatures andgiéther in an almost endless number of
combinations, is a great set for educational usetoy out open-ended plays that encourages
creativity. With the artist's leadership the Expade Workshop's facilitators enlarged the
puzzle pieces and after the playful understandinipe basics of tessellations by tables (Fig.
2), a huge, spectacular 'GianTile Workshop' (Figto®k place at the Hall of the Kaposvar
University. In Fathauer's workshop, students exgudessellations using two different shapes
of tiles, squids and rays. They learnt what a weieand how vertices can be used to
characterize a set of tiles. They built the differgypes of vertices allowed by tkquids-and-
rays tiles. They also learnt the different types of syatry possible in tessellations and
constructed squid-and-ray tilings with each typesyhmetry. Large tessellations with five-
fold rotational symmetry were also built.



Figure 2-3: Squids-and-Rays tessellations by Robert FathauBxperience Workshop's
math-art festival at the Kaposvar University.

Geometrical Hopscotch.The Geometrical Hopscotcls created by a painter Franciska Bali
in the framework of the 'Ars GEometrica' coursemmath-art connections held by Csaba Hegyi
DLA and Krist6f Fenyvesi at the Pécs UniversityeT®eometrical Hopscotcls a five-piece
series of large-scale models of the Platonic bodibe sides of the three-dimensional bodies
can be quickly folded out into the plane and tlae $lurface can be used as a special kind of
hopscotch (Fig. 4-5). It is possible to write, dramto stick number-, letter-, or picture-cards
on the sides to explore all the logical, algoritbriniterrelations which stem from the three-
dimensional attributes of the bodies and the featwf the planar objects. This way the
traditional hopscotch game is extendable with almemof individual or cooperative cognitive
games which highly support the education processése topic of changing between plane
and space. Theeometrical Hopscotcban just as well be used outdoors.

Figure 4-5: lldiké Szabo s Geometrical Hopscotch Workshop liementary (left) and
secondary (right) school students.

Poly universe toy family. The poly universe toy family (www.poly-universencp by the
painter janos szasz saxon is a toy for developempgtrical skills (fig. 6) and an artistic and
mathematical form system (fig. 7) based on scaltirsly symmetry. These colourful
geometric shapes are not only designed to aid calod shape recognition - and to teach the
solving of logical puzzles - but also offer the oba to play freely, learning through an artistic
game or activity. Progressive use of colour andpehgroups, and the encouragement of
manual activity and reflective thought, create astant challenge for the children. This
maintains their desire for exploration, producingamtinuous feeling of success. Having a
direct, tactile connection with the geometric stsadevelops children's sense of vision and
touch. Through the recognition and discovery ofrelations and linkages, cognitive and
abstraction skills are improved. Following compiosial play with the forms (fig. 5),
incorporating key aspects of geometrical compasitamd art, children make their own
geometric artwork from paper and organise an etibibin the classroom (fig. 8). The poly
universe toy family develops key skills in exammirgeometric shapes, proportions,
symmetry, linkage points, directions, and coloumbiations. It expands the limits of form
and colour composition/combination. It is interegtio place poly universe shapes amongst

nature (fig. 7) — e. g: as a colourful field offlers to educate students about the relationship
between maths and the natural environment. Sucteriexges help children develop
knowledge, finding creative and imaginative solnsicto problems that cross between the
abstract and real-world.

Figure 6-7-8-9:the \7arious uses of the poly universe toy famylyh® painter Janos Szasz
Saxon and the art critic by Zsuzsa Dardai.

5. THE TRAVELING EXHIBITION OF THE EXPERIENCE WORKS HOP AND THE
ARS GEOMETRICA ART — SCIENCE — EDUCATION GALLERY

The International Traveling Exhibition of the Exjaerce Workshop was established in 2010
and funded by the donations of the participantBodges Pécs 2010 World Conference's
Grand Exhibition. Our constantly growing mathemaltind artistic collection includes nearly
80 pieces by artists and scholars from all ovemtbdd. These artworks are key pieces in the
events organized in public schools, universitiels ambund Hungary by the Experience
Workshop. They can be used to illustrate the calfurartistic, architectural and
interdisciplinary foundations of mathematical thimkin many different ways.

The promotion and popularization of research a@iwiand the publication of scientific and
artistic results for a wider domestic and interoadil audience is essential for the successful
management of any higher education institution.dgeizing this need, we began to prepare a
course in Science and Art Management in Septembkt at the Eszterhazy Karoly College
of Eger, Hungary, providing a new platform for ttraining of science and mathematics
teachers. Through several examples of internatipratognized initiatives, the course gives
students an insight into the professional backgiafrpromoting science and art connections
as well as giving them an opportunity to testyoout, and to put into practice the knowledge
and skills they have acquired. Practical activitas be conducted in our exhibition space set
up at the College, which has been operating as xaerienental math-art gallery since
September 2011. The workshop gallery, whose urtigeimes and concept are reflected in its
name and in its slogaArs GEometrica Gallery: Interactions and Border-Gsings in Art
and Sciencefunctions as a completely new platform in the ganan mathematics teacher
education. Here the students not only can learutatiee best examples of promoting and



popularizing science and contemporary art but daa gain professional experience while
testing their abilities in special fields of th@wn interest such as: organizing exhibitions,
symposia, and Art&Science Café sessions, the fuedgafs of exhibition and education
technology, scientific and artistic communicatioproject management, writing tender
applications, learning fund-raising techniques, RRd media management, web design,
presentation techniques, and so on. We organizadwhree exhibitions in the Gallery every
semester. The opening events of the exhibitionglamd\rt&Science Café sessions organized
during the period of the exhibitions are listed agn¢he highly recognized cultural programs
of the city of Eger. Moreover, the scientific synsforelated to each exhibition are designed
to strengthen the international professional reariaof the Eszterhazy College. Together the
opening events and the Art&Science Café sessiodsttam website of the Gallery [17] an
excellent platform for popularizing all these caritg the innovativeness of the Eger College
together with the famous wine culture of Eger, ¢hgr recognizing the importance of
connecting local interests in a global culturalcgparhe annually organized events of the
Gallery will be summarized in the Ars GEometricaranac, a publication which will contain
artistic and scientific documents produced as altred the exhibitions, while multimedia
material is accessible on the Gallery’'s website.

6. CONCLUSION

As William Byers ingeniously exposed in his booktiged How Mathematicians Think,
mathematicians make use of “ambiguity, contradigtiand paradox to create mathematics”
[17]. Understanding Byers' insight in a fundamentaly can open new perspectives in the
mathematics education as welMathematics educators investigate mathematics tais i
learned and taught. Therefore they are forced tas@er not only the formal, objective
aspects of mathematics but also the human dimersfidhe subject. They are forced to
confront such questions as 'What is meaning?' "Whanhderstanding?' The result has been
that various mathematics educators have developegtheer sophisticated approach to the
nature of mathematics. These approaches have ifmoomwith my own a desire to free
mathematics from an entirely 'objectivist' point \déw, 'objectivist' in the sense that the
meaning of mathematics is 'out there' in a mincepehdent reality.[17, p. 65] According to
the methodical framework of the Experience Workshiop the study, interpretation and
creation of artworks a lot of ambiguous and creatispects, possibilities of mathematics can
be brought to light. Just like many artistic creati can be understood better by studying,
interpreting or re-creating the 'mathematical eletria them. As an addition to the interactive
activities offered by the Experience Workshop, thédibition also shows how artistic-
scientific exhibitions and workshops can be core¢bd schools, universities, festival events,
and even art galleries.

Credits: | owe thanks to Anthony Durity, Zsuzsa Hajos, @diketesi, Dirk Huylebrouck,

Katri Kluukeri, Jouko Koskinen, Tuuli Lahdesmakialiéan Liptai, Mike Naylor, Osmo

Pekonen, Hannu Salmi, Reza Sarhangi, Nick Sayéené&ra Stettner, Ildiké Szabd, Ibolya
Szilagyi Prokaj and the members of Bridges Orgditmafor their valuable support, advices
and criticism.
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1. INTRODUCTION

From the second half until the end of the XIX ceptihere was a movement in Europe and
around the world in which most mathematicians stattuilding models of surfaces which
they used with their students in their classes. st keep in mind that in that time there
were no computers that professors could use wéin situdents. So, in some cases, it was very
difficult to visualize surfaces. The professor h@ddraw brilliantly. For these reasons,
professors had to develop new techniques to expiaifaces to students, such as building
models.

This movement in Europe had its apogee in Germahgre the mathematicians Felix Klein
(1849-1925) and Alexander von Brill (1842-1935)rt&d building models of surfaces that
were unknown before then. After some years, Alegawdn Brill's brother set up a company
to sell models which some of them had been desitpyeuis brother and Klein. In 1899 he
sold the company and the new company was renamédarais Schilling.

In 1903 this new company published a catalogue hwiticluded 23 series of models and
around 300 models of surfaces. After this, in 19h&,company published the last catalogue
with 40 series and around 400 models, where sonibenfi where designed by students of
Klein and von Birill.

CATALOX
MATHEMATISCHER
MCDELLE (1903)

- g'.

Figure 1: Catalog Mathematischer Modelle (1903)



This company sold models made in different matesaich as plaster, wire and paper. But in
this paper we are going to focus on the last tfpaazels.

2. JOHN SHARP'S MODELS

Recently John Sharp published a book ([5], [6]) eehee gives a method to build surfaces by
intersecting them with two families of perpendicytéanes. For example, if we want to build
a cone of heigHt, this method looks like this:

We take the equation of the cone and we calctiténtersection of it with two families of
perpendicular planes which are parallel to the dioate planes. These planes have the form
¥ =k andx = k,k € R. For each value df, we obtain a curve, which in this particular case
is a hyperbola. Keeping the same distance betweeh eonsecutive value d& (for
examplek = 0.2,0.4, 0.6, ...) we obtain two families of curves.

Figure 2 Virtual and real model of the cone

To finish the model we just need to make the slotsach piece. In the pieces of the first
family of planes the slots goes from the bottoniluhé middle and in the other family from
the middle to the top of the piece (see figure 3).
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Figure 3: Pieces of the cone

But this method has one restriction; the intersectiith the planes must pass through all the
maximum and minimum points of the surface. Otheewige would lose information. For
example, in the case of the cone, if we do not feyeplane along the vertex when we build
the model, we will end up with a flat surface oa thp instead of the cone (see figure 4).

Figure 4: Cone without the vertex

Using this method we have built some new modelsiesof them based on surfaces that can
be seen in the Imaginary Exhibition. Here we preseme of them:

Figure 5: Catenoid Figure 6: Croissant

Figure 7: Vis a Vis Figure 8: Zeck



3. NEW SLICED SURFACES

After using this method, we thought about usirigeoffamilies of planes which intersection
with the surface could provide us a visualizatiéra@eometric property of it, for example,
the fact that the surface has a rotational symmetrihe case of the torus, if we intersect the
torus with planes parallels to the coordinate @amee can build the model, but this has not
any special property.

Figure 9: Torus intersected with two family of perpendicutanes

In [3] we explain how to build a torus with Mathetitca by using as pieces a particular curve
in the torus, the Villarceau circles. In the citederence you can see all the details of the
construction.

Figure 10: Virtual and real model of the torus with Villare circles

Using this idea we have designed new models whieh described in the following
subsections.

3.1 SLICED CYLINDER

The intersection of a right circular cylinder withplane which is not horizontal gives always
an ellipse (see figure 11).

Figure 11 A cylinder intersected by a plane (left) and thieiigection curve (right)

Since the pieces should not intersect with thetimtaaxes, we have to divide the ellipse in
two parts for building the cylinder. If we rotatalp one of the parts around theaxes in one
direction it does not generate the cylinder. Alde same for the other part in the other
direction, as it is showed in the following figure:

Figure 12 Rotating the pieces around theaxes

But if we rotate both pieces at the same time, they generate a cylinder:

- ~J\/

Figure 13 Two images of the final model. The right one flzenithal point of view



In the last step, we have to calculate the slotthefpieces. In this case, for building this
model we have use# pieces (12 copies A and 12 copies B) which halvefdhem the same

NZN
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Figure 14 Pieces A Figure 15 Pieces B

This model shows that the cylinder is a surfaceewblution.

3.2 SLICED HYPERBOLOID

The intersection of a hyperboloid of one sheet witlane which is not horizontal gives two
lines (see figure 16).

Figure 16 Hyperboloid of one sheet intersected by a plane

To build the hyperboloid, we have to divide theemr plane in two parts. If we rotate only
one them around theaxes it does not generate the surface. Also,ahedor the other part
rotated in the opposite direction:

Figure 17: Rotating the pieces around theaxes
But if we rotate both pieces at the same time) they generate our surface:

Figure 18 Two images of the final model. The right one fromemithal point of view

In the last step, we have to calculate the slotthefpieces. In this case, for building this

model we have uset# pieces (12 copies A and 12 copies B) which havefdhem the same
shape.

Figure 19 Pieces for building the hyperboloid of one sheet

In one of the families the slots goes from the dratuntil the middle and in the other family
from the middle to the top of the piece.

In this case, this construction shows that the fgleid of one sheet is a ruled surface and
also, that it is a surface of revolution.

4. NOTES

I would like to thank Juan Monterde, from the Umsity of Valencia, for his useful help with
Mathematica and the design of some of these moddéd®, | would like to thank Pilar
Moreno, who realized some of the pictures.

If you are interested in the pieces for buildiny @f the models or you want the pieces in
other format (such as .pdf), please send me anile-ma
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1. ABSTRACT

This paper is focused on the geometric interp@tatif some algebraic relations defining
metallic and plastic numbers. These numbers arsidered in Architecture and Art as system
of measurement and proportions started by dividisggment in two parts. The variability of
an integer coefficient, connected with the measfrahe two parts, brings to different
algebraic equations. The real positive solutioseferal second or third degree equations is a
metallic or plastic number respectively. Among theke first plastic number plays in 3D the
well-known important aesthetic role of the goldammber in 2D. The paper provides also
some geometrical interpretations in terms of adisthgroportions related to architectural
projects, in particular to two different vaults.€élhatural correspondences between geometric
entities and algebraic formulas bring us to condidis work as a bridge between Algebra and
Geometry.

2. INTRODUCTION

Symmetry and proportions are always related tohaéistaspects. The harmony of geometric
forms involves architects, industrial designersists and inspires their creativity. We can
think that each harmonic construction does not cioma a casual chance but it is the natural
synthesis between creativity, technical aspectganthetric knowledge.

In the first part of this paper the geometric iptetations of algebraic equalities, connected to
second and third degree polynomial equations, amgosed. The solutions of these equations
are related to static or dynamic proportions theeefve suggest recognizing geometric forms
having inside these proportions.

In the second part of the paper we emphasize cldsgroportions in some architectural
elements. We describe in particular an unusualligihel known vault: theVela Quadrabile
Fiorentina designed by Vincenzo Viviani (1622-1703) at thel efi the seventeenth-century
[12]. This vault reveals many interesting propertielated to static proportions.



The paper is organized as it follows. Section @eigoted to quadratic equations with solutions
belonging to the Metallic Means Family. In SectiBnsome 2D or 3D interpretations of
algebraic equalities connected with static and ohjogroportions are presented.

In Section 4 the plastic number is related to 3f@rjpretations and to the projects of the Dutch
architect D.H. Van Der Laan (1904 -1991).

In Section 5 and 6 the unusutla Quadrabile Fiorentinand the classical Sail Vault are
investigated in relation to measures of parts.iS#atd dynamic proportions come out again in
easy way.

3. THE MOST FREQUENT PROPORTIONS

The proportion is the ratio between two geometrigdaiments, or between their respective

measures (fixed the unit of measure).
In particular four segmentd,B,C,D with lengths a b,c,d respectively, are in proportion if

B % or equwalently % where abcdORb#0,d#0
Theproportionis said

- rational or staticif E is a rational number.

- Irrational or dynamicif Eis an irrational number.

Examples ofstatic proportionsare:squareif% =1; double (copperjf% =2; sesquialtera

. 3 N 4 . .

n‘E =—, sesquitertia |fE =—; pentatertia if a =§ ......... Examples of dynamic
b 2 b 3 b 3

proportions square root of tWOif%:«/E; square root of threeif%:«/@; Cordovan
% ; gold |fE 1+I, silver |fE-1+f bronze |ff‘J 3+\/73, nickel if

a_

b 2

Figure 1: Construction of a bronze rectanfiigure 2: Construction of a nickel rectangle

! From Latinsesquicontraction osemisque

The last four numbers belong to the Metallic Megamily [3], which is composed of the

p+4p’+4q
2

(1) x*-px-q=0 (p,gON, N={123.}.

positive solutionsx, = of the quadratic equations

* Analysing the casey=1, the equation (1) gives for example thelden numbeif
p =1, thesilver numbeiif p =2, thebronze numbeif p=3. In this case the product

of the two solutions x,x, is xX,=-1, consequently xzz—i and
X

X+ X, =% NE p . We can conclude that the decimal representatibng and x,
X

have the same decimal part.

»  When p=1, the equatiorx’ - x-q=0 gives again thgolden numbeif q=1, the
copper numbeif q=2, thenickel numbeif g=3and so on.
The equation gives integer roots,=n (and x, =-n+1) if and only ifq= n(n-1),
n=2.

4. ABOUT THE QUADRATIC EQUATIONS

In this section we propose possible geometric mégations of some algebraic equalities
associated with the equation (1).

The choiceq=1

Let us divide a segment in two parts of lengitb respectively & >b) so that the following
proportion is respected:

@32 p"’”b (pON).

From (2) we obtaln

ol 43

that is% is solution of the quadratic equation

(4) X¥* - px-1=0.

If a b are the lengths of the rectand®esides,Ris agolden rectanglevhen p=1, R is a
silver rectanglevhen p = 2 , andR is abronze rectanglevhen p =3 (Figure 1).
Since the relation (3) is equivalent to
(5) a®> -b? = pab
we can give a simple geometric interpretation gf (Be difference in area between two

squares, having sidemand brespectively, igp-times the area of the rectangle with sides
andb.
Other interesting geometric interpretations caddduced from (5):
If we muItipIy by 71 we obtain
8% - 7b? = p(rab)



which means that the difference in area of twoles, having radius and brespectively, is
equivalent tgo-times the area of the ellipse with semi-ageandb ( p=2in Figure 3).
Let us introduce the Gerono’s lemniscate, a reg@@rcurve [10] represented by the
following parametric equations
X =/sent
{y =/sentcost

where the real constaritis the highest distance of the curve points froendouble one
(two Gerono’s lemniscates with different choiceloin Figure 4).

to[027, ¢>0

The area of the region bounded by the Gerono'silssate is given b)gfz.
Multiplying the relation (5) by4/3 we obtain
4, 4., 4
6) —a’—-—b’=— pab
(6) 3¥ T3P TGP

The relation (6) shows that the area bounded byGemno’s lemniscates of constamtand
brespectively and the area of the rectangle witess&l and bare instatic proportion%1 p

(p=1in Figure 45 .

Figure 3 Figure 4: Two Gerono’s lemniscates

Let us multiply the relation (5) By to obtain

478° - A7k’ = 4 prab
that is the difference in area of two sphericafaees with radiusa and bis 4p-times the
area of the ellipse having semi-ax@sndb ( p =3in Figure 5).
Multiplying the relation (5) by77* and writing it in the form

71(4r8® - A7b®) = p 4*ab
we can say that two spherical surfaces with radiwsd b have difference in area in dynamic
proportion p/n with the area of the torus surface, obtained byluwg around they -axis
the circle (x—a)® + y* =b?.
The choice p=1
Let us divide a segment in two parts of lengthb respectively &>b) satisfying the
proportion:

2 All the graphic illustrations are generated by MATLAB®

(7)§=a+qb(qDN).
a

The relation (7) is equivalent to

ol

ie. % is solution of the quadratic equation

9) x¥*-x-q=0.
Consideringa, b as side lengths of the rectand®e thenR is again agolden rectanglef
g=1, R is acopper rectangléf q=2andR is anickel rectangléf q=3(Figure 2).
As (8) is equivalent to

(10) a®> —ab=qb?,
the most simple geometric interpretation is thatdtference in area of the square with side
aand the rectangle with sidesandb, is g-times the area of the square with shle

Figure 5 Figure 6

Multiplying by 7 the two members of (10) we obtain
|’ - b= q7b®
that is the difference in area of the circle wittius a and the elliptical region with semi-
axesa,b is in static proportiorg with the area of the circle with radiils
The relation (10) can be easily treated as theéioel#5) in Section 2.1.

5. ABOUT THE CUBIC EQUATIONS

The first case.Let us divide a segment in two parts of lengttb respectively &>b) so
that the following proportion is respected:

2 +b
(11)%= P (poN),

equivalent to

(12) [%)3 = p[%) +1.

Consequentlyg is solution of the cubic equation

(13) x* - px-1=0.



which has always at least one real positive satutio
The choicep =1 gives the so-calleplastic equationits unique real solution is given by the

plastic numberobtained for example by the Cardano’s formula:

w::i/1+\/1-i +i/1-\/1—i 0132472..
2 V2 27" \2 V2 27

For all life long the Dutch architect Dom Hans Maar Laan (1904-1991) looked for a new
system of measures and proportions, finding thdegokection mainly related to 2D case [9,
14, 15, 18].

He focused his investigations on the plastic numthett reveals important geometric
properties in 3D and it looks like a natural extenof the golden numbeb [1, 5].

Figure 7: Construction of the golden and plastic spirals

In particular the plastic number, as the golden, ameonnected to the following recurrence
sequence, called Padovan sequénce

P.s =P+ P, nON, (natural integer)R, =R, =P, =1.
The Padovan sequence plays the rule of the Fibbsaqaence related t®; alsoW comes
out as the limit of the ratio:

lim T = g

R
The similar properties betweehand W become again evident considering the two spirals
connected with the two numbers (Figure 7).
Van Der Laan studied 3D cubes and cuboids havingsare of edges equal to &, W?,...
till W and proposed this system of form as a new aesttation in buildings [14, 15]. Figure
8 shows that the Padovan spiral, embedded in aumtsuboids, is generated by triangles; all
the sides of the equilateral triangles and, conmeilly the Padovan spiral belong to the same
plane.

3 The name of the sequence is related to the architect Richard Padovan, who has deepened the works of Van Der
Laan

Figure 8: Courtesy of Jim Hausman and Fabien Vienne [20]

The pictures in Figure 9 and Figure 10 give viewswm famous Abbeys designed by Van
Der Laan. He involved the plastic ratios not omlytie buildings but also in the furniture.

Figure 9: Sint Benedictus Berybbey at Vaals (The Netherlands).

Going back to equation (13), it's easy to verifgtthf p =2, the golden numbe® is the
positive real solution of (13).

Let us give a geometric interpretation of

(14) a® -b® = pal?,
equivalent to (12): the difference in volume of teubes with edgea andb respectivelyis
p-times the volume of a prism having heighfand square base with sibe( p =1 in Figure
6).
Another possible interpretation is obtained mujipg the (14) by%n:

A A= pﬂmbz,

3 3 3
i.e. the difference in volume of two spheres wibiusa andb respectively is equivalent to
p-times the volume of the revolution ellipsoid haysemi-axesa andb.
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igure 10: Rosenberg Waasmunster (Belgium)

The second casé.et us now divide a segment in two parts of length (a > b) satisfying
the proportion:

a’> _ a+gb
(15) 7=

(qON),

equivalent to

oo 3] {5«

consequentlyg is the only real solution of the cubic equation

(17) X* - x-q=0.
If g =1, we have again thglastic equationif g = 6, the solution of (17) is theopper number

The relation (16) is equivalent to

(18) a® —ab? =qgb®
which can have the following geometrical interptieta the difference in volume of the cube
with edge a and the volume of the prism having heightand square base of sidss
equivalent tag-times the volume of the cube with edge

6. STATIC PROPORTIONS IN THE VELA QUADRABILE FIORENTINA

The Vela Quadrabile FiorentingVQF in the following) is a portion of a sphererfage
(radius r) described in the treatiseFormazione e Misura di tutti i cieli by Vincenzo
Viviani* (Figure 16), written in 1692 with the aim of determining parts of a esghsurface
with rational area, being®the unit of measure.

+Vincenzo Viviani (1622-1703), good and well-known Mathematician, was engineer by the Granduca of Toscany and
the last pupil of Galileo Galilei, like he described himself Postremo Galilei Discipulo.

[http:/ /www.groups.dcs.st-and.ac.uk/ ~history/Mathematicians/ Viviani.html]
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Figure 11: Construction of VQF and the Viviani's curve

Two VQF are obtained by cutting out from the sphareface the four parts selected by the
intersection of two cylinders of radiu®, having parallel axes lying on an equatorial plHpe
(Oxy) (Figure 11, left).

The line belonging to the sphere and to the cylimde composed of two Viviani's curves
[11]. Consequently the boundary of the VQF is mapevith two Viviani’'s hemi-curves.

The projection of the Viviani's curve (Figure 1ight) on the equatorial plari& (Ox2) gives
the Gerono’s lemniscate [10] (remember Figure 4).

We try to connect proportions with measures of getoical parts in VQF.
The areaA, of the VQF (Figure 12, left) is equal4o’, that is the measure with respectrfo
is expressed by a rational number.
Multiplying the relation (5) by4 we obtain
4a® - 4b* = 4pab,
which means that the difference in area of two Vf@Hjusa and brespectively, and the area
of the rectangle with sides andbare in static proportionp?
The area A, of the VQF projection (Figure 12, right) on theuatprial planeIly,

straightforward evaluated, is equal%cu2 (rational measure!); consequently the ra%zg

gives thesesquialtera proportion

Figure 12: Two views of VQF and its plane projection



Taking account that the arégof the region bounded by the Gerono's lemniscatisal to
grz, we deduce tha& =3 and A =2, both integer metallic numbers, solutions of ) i
g =6 andq =2 respectively.

Cutting away the two hemi-cylinders from the herhise, the volumeV, of the solid

remainderP, (Figure 13, left) is equal t§r3(rational measure again with respect 9.

Multiplying the two members of the (14) bg/we obtain

8 88 pab?
9 9 9

i.e. the difference in volume of two solid parteelP, (radiusa andb respectively) is irstatic
proportion g p with the volume of the prism having heightand a square base with side

The solid conic partf, of the hemisphere, having vertex in the centréhefsphere and the

45

VQF boundary as directrix (Figure 13, right), haslwne V,=—r?, rational again.

Consequently the rati%//r =g gives thesesquialtera proportion

1
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Figure 13: Two solid parts related to the VQF

Multiplying by g the two members in (14) we obtain

A dp-d pab?
3 3 3

i.e. the difference in volume of two conic parielP, (radiusa andb respectively) is in
static proportion%1 p with the volume of the prism having heightand square base with

sideb.

7. DYNAMIC PROPORTIONS IN THE SAIL VAULT

The Sail Vault (SV in the following) is a surfacétained from an hemisphere (radids
cutting out four half-cups, through four planeshogonal to the equatorial circle, each
containing one of the sides of the inscribed sq(igure 14). Also for the SV it is interesting
to discover some proportions between measuresrts. pa

The areaA, of the SV is equal ttznz(\fz—l) that is its measure with respect tois given
by an irrational number. Taking account that theaa,, of the hemisphere is equal fr?,
we obtain the ratio—s 25 =J2+1=6, that is thesilver number The construction of the so

calledsilver rectanglds evident, starting from a square (Figure 15).

The volumeV, of the part of the solid hemisphere, covered by 8V, is equal to

m? (5/5—4)/6, i.e.V, is expressed again by an irrational number wispeet tor®. Taking

account that the volum¥,; of the hemisphere is equal %J;ﬁ, the ratio—= Ve g"g We

hs
can suppose that tlséver numbeiis connected to the SV.

Figure 14: Construction of the S¥igure 15: Construction of a silver rectangle

Again, multiplying the relation (5) b@r(/2 -1) we obtain

21/ 2-1)a? - 212 -1)b? = 277(/2~1) pab (22)
that is the difference in area of two SV of radiasand b respectively is indynamic
2mp

proportion i with the area of a rectangle of siceandb.
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Figure 16: Vincenzo Viviani and his Treatise

8. CONCLUSIONS

In this paper we propose one possifilate to connect geometrical properties with metallic
and plastic numbers, through algebraic secondimt tiegree equations. We take occasion to
introduce in the proportion theory theela Quadrabile Fiorentingan intriguing dome already
studied by Vincenzo Viviani at the end of the Segenth Century. We try to present in a
pleasant way the proportions theory non only taistists but also to everybody interested in
mathematical aspects related to aesthetic or harimoforms. We are sure that the contents
can be appreciated at many levels: as studentawmhée of basic algebra, as architects,
designers, artists in planning their production.

9. REFERENCES

[1] C. Alsina and J.L. Garcia Roig. On plastic nierhJournal of Mathematics & Design
1(1), (2001), pp. 13-19.

[2] R.de la Hoz. La proporcion humana, la razondobesa, el rectangulo cordobes y el
numero cordobesittp://descartes.cnice.mecd.es/ Geometria/bellaaareordobes.html

[3] V. W. De Spinadel. The family of metallic meaiés Math,1 (3), (1999).

[4] V. W. De Spinadel and A. Redondo. Nuevas pegades de la familia de Numeros
Metalicos.Conferencia Plenaria. 5th Mathematics & Design intgional Conference, Actas
CD ROM ISBN 987-85-7114-175-4, Blumenau (2007).

[5] V. W. De Spinadel and A. Redondo Buitrago. Todgavan der Laan’s Plastic Number in
the PlaneJournal for Geometry and Graphick3(2), (2009), pp.163-175.

[6] I. Fernandez and E. Reyes. Geometria con ehdp@xo y el octogond?royecto Sur de
Ediciones S.L. Granada (2003).

[7] J. HambidgeThe Elements of Dynamic Symmelgver Publications, NY, 1926.

[8] J. Kapraff and G.W.Adamson. A Unified TheoryRioportion.Vis Math,5 (1), (2003).

[9] H. van der LaanLe Nombre Plastique; quinze Lecons sur 'Ordonnafgehitectonique
Brill, Leiden, 1960.

[10] G. Loria.Curve piane specialHoepli, Milano, 1930.

[11] G. Loria.Curve sghembe speciatioepli, Milano, 1925.

[12] E.Marchetti and L.Rossi Costa. Mathematical dfistorical Investigation on Domes and
Vaults. Aesthetics and Architectural Compositionpdeedings of the Dresden International
Symposium of Architecture (2004), pp. 73-80.

[13] E.Marchetti, E.Reyes and L.Rossi Costa. Alcuagplicazioni alla teoria delle
proporzioni all’Architettura e all’Arte Quaderni Dipartimento di Matematica F.Brioschi
Politecnico di Milanon.49/R, (March, 2006).

[14] R. PadovanDom Hans Van Der Laan, Modern Primitiv&rchitectura & Natura Press,
The Netherlands, 1994.

[15] R. Padovan. Dom Hans Van Der Laan and thetiPlatimbers.NexuslV: Architecture
and MathematicsKim Williams Book, Florence (2002).

[16] A. Redondo. Algunos resultados sobre Numerastahtos.Journal of Mathematics
Design 6 (1), (2006), pp. 29-44.

[17] E. Reyes. Proportions mathematiques et lepmiaations a I' ArchitectureBulletin
IREM -APMEP, Institut de recherche pour I'enseigaeinde mathematiques de Toulouse
(1998).

[18] H.van Dijk. Twenthieth-Century Architecture in The NetherlanG40 Publishers,
Rotterdam, 1999.

[19] E.W.Weisstein. Pell NumberFrom MathWorld - A Wolfram Web Resource
http://mathworld.wolfram.com/PellNumber.html

[20] http://www.fabienvienne.com/




GUERNICA: 75™ ANNIVERSARY
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1. INTRODUCTION

In 1937, Pablo Picasso, aged fifty-six was considevorld’s foremost living painter. Due to
his popularity the Government of the Spanish Raputmmissioned Picasso an enormous
mural painting of almost 8 meters width to be shaatrParis International world’s Fair.
Picasso’s mind was blank for several months, bugnvNazi air raiders destroyed the city of
Gernika his unchained anger led him to an intense andigzate creative process, which
culminated in the most iconic of 20th century mgseees. From the 45 sketches that served
to prepare the painting and the ten pictures higipaDora Maar took during the creation of
the painting we can deduce the process followedPibgsso during the 36 days of fury in
which he paintedsuernica Note that along this paper we will use the offiddasque name
Gernikawhen referring to the town and the Spanish n&uernicawhen referring to the
painting, as Picasso named it in 1937.

2. THE BOMBING OF GERNIKA ON APRIL 26 ™ 1937

José Antonio Aguirre, President of the Autonomoasdiie Government during the course of
the Spanish Civil War (1936-1939) described the hiogof Gernika with these words:
“Gernika was a town of around seven thousands iithals located in a peaceful
valley surrounded by mountains. It was an open fowatally lacking any
defenses. Market day was held every Monday in &erand this was a well-
known and picturesque event, where peasants atafeis congregated. This
was the scenario that Franco and Germany choseto out the first rehearsal
of a total war.”

The town was far from the line of battle and thiaek was absolutely extraordinary, and
unexplainableas a target. Gernika began to be a symbol for griessdsavagery a few
days after the 26th of April, 1937. Never beforeerth was a better planned and less
predictable tragedy at the same time.



F|gure 1: The rald carried out by 42 planes of the Condorlbag‘rom the German
Luftwaffe andhe Italian Fascist Aviazione Legionaria destroyed Gkanalmost
compktely.

George %@, special correspondent for the times in the Bas@ountry describes the

events:
“Gernika, the most ancient town of the Basques #madcentre of their cultural
tradition, was completely destroyed yesterday afien by insurgent air raiders.
The bombardment of this open town far behind tieslioccupied precisely three
hours and a quarter, during which a powerful fleétaeroplanes consisting of
three German types, Junkers and Heinkel bombedsndi cease unloading on
the town bombs weighting from 1,000 Ibs. downwartd; it is calculated, more
than 3,000 two-pounder aluminum incendiary projesti The fighters,
meanwhile, plunged low from above the centre otdlae to machine-gun those
of the civilian population who had taken refugetie fields”.

3. THE SPANISH PAVILION AT THE PARIS INTERNATIONAL WORLD'S FAIR
IN 1937

During the Spanish civil war, the Government of 8ganish Republic decided to participate
in the International Exhibition opened in ParisMiay 1937. It was a strange decision when
the country was in such an extreme situation thavduld seem there was no time for
anything apart from the war effort. Nevertheless @overnment decided to participate in the
event considering it as an act of propaganda. diitiad its intention was to attract interest to
the unstoppable rise of fascism in Europe.

The Spanish Pavilion of 1937, designed and cortetiiay Joseph Lluis Sert and Luis Lacasa
in just four months, was a unique and unrepeatatdation, only made possible by the
climate of passion, power and enthusiasm displayeeleryone involved in it.

From the first moment, the Government of the Repubanted the collaboration of Picasso,
as the most prestigious artist of the time. Thet fatep to achieve this objective was his
appointment as director of the Prado Museum, wifiehartist was delighted to accept. Joseph
Lluis Sert then visited Picasso in Paris to cominisa large mural painting that would be the
center point of the building surrounded by piegesnf artists like Joan Mir6, Julio Gonzalez
or Alexander Calder. The building was to be a laadmin the history of Art and
Architecture.

F|gure 2: The Spanlsh Pavilion deS|gned by Sert and Lacasa.Quernica Mural was
hanged in a privileged position of the building,fiont of Alexander Calder's Mercury
Fountain.

4. PICASSO ENTERS INTO WAR: 36 DAYS OF FURY

During the next months after the commission for 8manish Pavilion, Picasso’s mind
was blank, usble to begin any work. But on April 27 all the French newspapers
report the bombing of Gernika. €ldestruction of the Basque town is almost complete
and Picasso is horrified by the tragedy. Finally, May I, Picasso focuses on a single
theme: Guernica. At that moment everything is clearPicasso and it is impossible not
to be involved. Now it is not a matter of politickut a criminal act againshnaocent
victims. That same day Picasso began the work Witithave the greatest political
significance ofthe 20" certury.

Flgure 3 Composmon Study for Guernlca Maﬁp 9937 (24x45cm)

Picasso works with authentic fury during the fiten days, making twenty-one sketches
and sudies. Then, on May T he transfers all his fury to the canvas in hisdigtuin
Rue des Grands-Agustinis Paris. His creative impulse is burning like fiemd he
converts Guernica into a terrifying and Buie icon of any atrocity against innocent
civilians, from Hiroshima to Bosnia, from Dresdenm Yietnam. Picasso intentions with



Guernica are clear, as he says
“No, painting is not done to decorate apartmentss &n ingrument of
offensive and defensive war agaieseny”.

Picasso continues tirelessly painting the enorntamsas and making 24 more studies and
sketches ofhe main characters. He will not stop until its céexpn on June #. Some two
weeks later the paintinis installed in the just-completed Spanish Paviliburing these
frenetic 36 days everything that up teen was doubt is now resolved with authentic
passion and anger. His biographer Pierre Daix dtéteicasso entered into war in May
1937.

5. THE GEOMETRY OF GUERNICA

The Guernica scenery is probably inspired The Consequences of War painting by
Peter PaulRubens. But Pablo Picasso flips the direction of thdioac in Ruben’s
painting (from left to right) by usingts mirror image as starting point. Action now moves
from right to the left and gets more tens@m intensity due to the physiological fact that a
viewer's eye naturally moves from left to right.iFteffectis increased with the chaos
introduced by the angular distortions and the wvibleontrasts of light, e, and
texture.

A Pl ¢ =

Figure 5: The geometrical construction of Guernica can be parad with the design of

manyclasscal temples and buildings like Andrea Palladio’sl¥iLa Rotonda (1566)
inspired in the Pantheon in Rem

The mural is constructed on a classical scheme tliee one of a Greek temple or a
medieval altarpece Two smaller side panels frame a large centrakpawice the width of
the side ones. Within ihframework, a large triangle dominates the compasiti

The apex of the triangle is the upper central paiimhost in coincidence with the rays of

light departing from the small lamp. The balancéiaeed bythe form of the running
woman's knee. It is a carefullyesign.
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Figure 4: The Consequences of War. Peter Paul Rubens (upjz&aPitti, Florence ! : S : R
(1638). Pablo Rasso probably used a mirror version of this paigtidown) as a Figure 6: Evolution of the solar disk into an electric lampdfferent stages of Garnica

starting point for the composition of @uica. . . . Lo . o .
It is not clear whether action occurs in the exterdr interior of a building. In the first

stages of the painting a sun clearly dominates sitene and some building blocks are
clearly visible. Along next stagesf the picture Picasso changes the sun into an oval



shape and finally he places a bulb on it. At thmeaéime, doors and windows replace the
buildings. Now it is not clear wdther the scene happens insideootside. There is no
place to escape and confusion and anxiety is pediin the spectator.

Figure 7: Paris, May 1937. The canvas was so enormous thattldd Picasso’s height.
The painér needed a ladder and brushes strapped to sticksder to paint its heights.
Picasso worked in the canvas with an unusual angeriatahsity, even forim.

6. DORA MAAR'S PHOTOGRAPHS OF THE WORK IN PROGRESS

During the creation of Guernica, Picasso’'s companibora Maar, took a series of ten
photographs athe work progressed. This unique document recordsnthgical creative
process of a masterpiece. Frothe first moment, when the painter fits the varied
composition full of figures onto the canvas, urntie moment in which he finishes the
painting, as we know it today, there are a multtuaf transfornations. He composes,
decomposes, fits and disengages, until everything its place. In the exciting procebsit
follows, all confusion will lead to order and harnyo

Figure 8: Four of the ten pictures that Dora Maar took duritite creation of Guernica in
his Paris studio at Rue des Grans Agustins 7.

7. THE DIFFERENT STAGES OF THE PAINTING

According to Dora Maar’s pictures and Picasso'sKétches, the horse and the bull, which
are the mjor elements of the composition, suffer a seriestrafsformations both in
character and placement. Froemmere geometrical point of view, the bull changes it
dominant position by turning its body to theft without moving its head. The flame-like
tail of the bull replaces the moon placed on tHedé the canvas in the early stages. The
shifting of the bull's body away from the centescalserves to open theaenecessary
to raise the head of the horse and paint a biahally a pgeon.
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Figure 9: The head of the horse and the head of the bullghameir orientation during the
different stages of the painting.

The bull's back, insignificant as a central focgsréplaced by the horse’s head, which
acquires geatprotagonism showing its sharp tongue in a gestfirpam. The separation
from the bull eliminatesany chance of fighting between both animals, as ibudfight.
The bull, the only stable and untilated figure in the composition, the one to whom the
other characters turn for help or hope, now heddsight spectator with a noble and
humanized face which happens to be that of tietgr.

animpossibleconsolation. This figure iextractedfrom a well-known religiousceneknown
as La Piedad (Pieta iftalian), It depicts the supreme pain ofreother the loss of his
child. The death baby shows show similarities wite of Goya's engraving from the series
“The Disasters of War”.

The body of the warrior is the ultimate transforibat Picasso makes on June 4th his last
two sketchesa study of the hand and head of the warrior, just tlags before complexion
on June 6th. The dead wiamr changes completely. His body is now fragmentedwio
pieces emphasizing total devastation. The hsamvoid, almost bare of details, which
render death even more evident. A flower, risingnfrthe broken sword can be seen as a
sign of hope and rebirth. The Guernica is finaihjished.

Figure 12 Picasso got some of his ideas for Guernica frongtleat masters of Spanish Art.
The figure of the death warrior is based on a Roesaue drawing of Saint Server Beatus
(XIth Century). The woman on fire is inspired oa ffainting The Third of May 1808, by
Francisco de Goya (1814).

== A ! ; B
Figure 13: Guernica. Oil on canvas. 777 cm x 349 cm.
National Museum Art Center Reina Sofia, Mddr
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THE EUROPEAN SOCIETY FOR MATHEMATICS AND ART ‘ESMA’  AND ‘SES
RAISONS D'ETRE’

Claude P. Bruter
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1. INTRODUCTION

Objects existing in nature and not created by nllaseam to possess a physical stratum. Each
has a particular structure, but their functionatibesn't seem to have necessarily been studied
or even recognized. Man-made objects do have fumality, indeed a multi-faceted one. Let
us examine the existence of ESMA in the light efsti preliminary remarks.

In order to better insure their stability througimé and space, the animal species, including
mankind, has developed representational tools atiditees. These representations, at first
interiorized and later exteriorized and materialize more or less permanent forms, have
served as our memory and sources of informatiormdfg of things observed exterior to us
and memory of what we feel inside. These repreientahave a two-fold role, a double
function, to be objects of memory and objects @frimation.

Engravings and paintings of all kinds, the oldestwn of which dates back 60,000 years, are
apparently the most ancient objects which haveopekéd that double function.

Figure 1: Engravings on ostrich eggs (Photos Pierre Texié}).[3



Of course, the most significant events are the tirbe represented. These natural phenomena

might be beneficial, such as the presence of time sumaleficent natural catastrophes as
storms or swirling movements, related to the netiessof life or to danger and the fear of
dying.

These particularly significant events are also e¢hgsesenting the strongest space-time
stability. They are associated with remarkableestand dynamics whose essential features
have been represented. They appear with the firgtagings: straight lines, curved lines,
acute angles, serrated lines and undulated liresciatéed with repetitions and more or less
periodic phenomena, like circles or spirals.

Engraving presupposes the use of a tool, probafligtgpoint, shaped like an arrow head and
forming an exact acute angle. These first engravieghibit elements of local geometry.
Global shapes, present in cave paintings, mainhcem the animal world. More elaborate
geometrical shapes, whose nature is global, sutiieagles, do not appear yet.

It seems reasonable to suppose that the use oé sisnthe primary material for the
construction of shelters or of protective consinmg, such as ramparts, tombs, temples,
palaces and dwellings, promoted the developmeah@&lementary arithmetic and geometry.

The fact that the repeated use of fundamental gemalesigns was pleasing to the eye, and
later, the discovery of how to fabricate clay pdatnd pottery, were steps leading to the
development of decoration.

Here are, for instance, two pieces of pottery, sysof femininity, created more than 2000
years before the Common Era (B.C.):

-

- -
Figure 2: Two pictures taken at the National Museum for Aegilagy in Athens.

Were these the result of successive attempts cdrtist, of artists at the same worksite or of
artists at worksites separated in space and tinié2he works necessitate preliminary plans
and calculations? To what extent does the sexiaaigle play a role in the conceptualization
of the triangle as a mathematical object?

By briefly evoking the past, and by asking thesesgions which concern the relations
between mathematics and art, where natural philosagrchaeology, the history of art and
the history of mathematics are involved, | wantedcall attention to one of the essential
functions of ESMA, its cultural function.

It is directed in several directions. But beforesatéing them, | would like to say a word
about the conditions which allow ESMA to fulfillifunction, in short, to make an inventory
of fixtures and at the same time to give the paéstements of its physical stratum.

2. ESMA'S STRATUM

ESMA is in no way a profit-making organization. #tatute is that of an association, i.e. a
group of people who share similar judgments, cdivis and wishes, and who agree to give
some of their time toward the realization of comnobiectives.

ESMA will become stronger, more active and mor&gitial as it benefits from the help of a
greater number of adherents who are competentiettamd understanding.

Considering the material, organizational and pshmjioal state of our societies, their
evolution, present difficulties and those to coarg] considering the original nature of ESMA
members' activities and their multiple competencies know that ESMA membership will
remain numerically small.

Although ESMA's register contains nearly one huddveople, as of today only about forty
are active, paying members (exactly 38 in 2011ul€this numerical weakness be balanced
by financial solidity?

This is not the case now for several reasons. [B@suros per member) are intentionally
weak. Our activities do not always correspond tojgmts supported by public funds. The
decision-makers, still suspicious of mathematies,ndt understand the cultural and social
interest of these activities. The requests for eupgare too restricted, limited to the French
part. And finally, we have no contacts within tiveahcial circles.

This situation could change, depending on an eimlutof ESMA's reputation, an
understanding of its activities, the quality of guopositions and how we publicize them.

Taking into account our ethics, our training and @accupations, the hope of progress depends
almost entirely on the reputation obtained throaghwebsite, its presentation and its content.
These should be commensurate with ESMA's ambitoiishopes. Everyone's help is needed
to maintain this reputation.

We hope that with time, ESMA will receive moreeattion from various public services as
well as from private foundations, and even fromnswos. The UNESCO patronage will
undoubtedly aid in strengthening ESMA.

After two years of existence our balance sheettiser encouraging. Neither the objectives
exposed by ESMA, nor the content of its websiterkaeived any criticism to my knowledge.
Hopefully, they have contributed to giving a goaternational image of ESMA. | would like,
apropos, to pay tribute to our first webmaster. Gheves of requests to receive the Newsletter
and the visits to our website have been on a conste.

ESMA's existence has revived interest in the impurARPAM project [1], of which ESMA
is a principal partner, giving a new dimension to This is being accomplished in
collaboration with the Steklov Institute, the Inéedent University of Moscow, and the
Academy of Architecture of Moscow to visualize @ndnaterialize the project in Kaluga. In
addition, the Hellenic Mathematical Society wisheset up the project. More details about
these projects can be found on the ARPAM and ESMAsites. May | add that this project
not only works as a kind of museum for mathemabes by its content has a much larger and
deeper artistic and cultural interest reachindgatbrs of society.



Figure 3: The Seventh Temple and ‘Brioche de Boy'.

From its history and by its very nature, ESMA haiserited an important collection of plastic
works from ARPAM. These were created as much byharasticians endowed with artistic
talent as by artists remaining true to an ancestrdition and attracted by the pure beauty of
mathematical shapes.

The image of this collection of works deserved ¢oifmaproved. This has been accomplished
first in the form of exhibitions, which were mucppaeciated by the visitors. The comments
in the visitors' book at the last large exhibitionthe Town Hall of the fifth administrative
district of Paris give evidence to this. Allow neefresent a few of them:
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Figure 4.

Reading some of these comments, one can apprée@ipterest of these exhibitions for the
public at large, reconciled with mathematics. Fitsmew look at mathematics, the influence
of this public of adults on the young generatioas only be beneficial.

To reach the former, whose formation of understagdind taste is still developing, oral
presentations, glowing and animated, are necesBamnaking modern mathematical notions
accessible to the audiences, by showing them be#utul and astonishing objects, these
exposés, also based on elements of the historyt @r af mathematics, win the support of
children of all ages without reservation.

The article published in the 'Gazette des Mathesiems' of October 2011 [2], and our
newsletters refer to this success through the eleguhat were made and through more recent
ones. If more convincing were needed, we couldejtiase two testimonials:
«all the students, teachers and the principal ofaMik 9th high school would like to
deeply thank you for your presence here. We realipyed your speech, and acquired
many teaching experiences by your educational ndsthé/e would be grateful to hear
from you as your knowledge makes as wiser.
Sincerely yours,
Katerina Glinou, principal of Nikaia's 9th junioigh school»

The ARPAM project, these exhibitions and exposethauit a doubt characterize the
originality of ESMA compared to other similar irtstions.

In a recent interview in the newspaper «Le Mondean Clair, author of «Hubris. La fabrique
du monstre dans I'art moderne. Humoncules, géantacéphales» says that «What is
interesting in modern and contemporary art is thansters, the new Titans, seem to have
triumphed over gods, and that ugliness seem to kelen over beauty as the element of
abstraction and fascination>.

People familiar with math-art works might disagweiéh this point of view: as we have just
seen, these works, far from being monsters, arevmnty qualified as beautiful by the very
few who have seen them. ESMA exhibitions also helpeconcile the public with beauty.
That is a supplementary argument in favor of ESMA¥Xastence and publicity for its
exhibitions

3. THE FUNCTIONS OF ESMA

This glimpse on the recent ESMA activities emphasiane of the most important reasons for
which ESMA was created: to contribute to lowerihg psychological barriers which separate
mathematics from the public, whatever it may bediawing on the charm that the beauty of
a successful materialization of mathematical okjean exert on everybody.

Mathematicians who practice art and artists wharddhematics for intellectual and visual
pleasure, find here an image-enhancing socialfigeiion for their creative work. Of course,
the content of the exhibitions and the mathematiaterial accompanying them will be
enhanced as the works become more numerous amd vari



It is thus justified to create an entity liable dncourage and to facilitate these creations by
gathering all the participants, by striving to gihem larger visibility, and when possible, by
helping them not, including technical, material dindncial assistance if necessary.

In this setting, contributing to the training ofmearticipants through adapted schools is a
part of the ESMA objectives.

Two other institutions display programs similarttmse of ESMA. These are ISAMA and
especially, BRIDGES, beautiful names indeed. Thpyasently came into existence after
ARPAM, the parent of ESMA. It seems also that teeent evolution of BRIDGES in

particular was influenced by the presence and ltlheacteristics of ESMA.

Moreover, these institutions are American. In tlastpof years of plenty, some Europeans
could go to the States and the Americans had rizutfy coming to Europe for academic
tourism and exchange. These exchanges have becoredifficult for financial reasons.

Therefore, it seemed right to give particularlytiose encountering financial difficulties, new
opportunities to meet and to exchange, thus bringirem a form of understanding and
psychological support to their work.

In addition, there was no reason to assume that Amlerican institutions should have the

monopoly of these activities. Europe has inherigetbng artistic and productive tradition

close to mathematics from the Greeks, the Renaissamd the more recent cubist period.
Europe has its own resources and its own creatiwitych deserve to be more organized and
supported.

We were thus in the presence of very many reasamgistifying the creation of a European
institution, an institution that would have widefluence by going beyond the more limiting
local activities.

And finally, it fully fits the vision, notably caied by science, mathematics and by art, of a
more united world, whose internal dissensions eththe forms of lack of intelligence and of
narrow-mindedness in space and in time. Creatiadetiropean Society for Mathematics and
the Arts also underlined the wish to witness thestruiction of a more federal architecture, a
better built Europe, more efficient, outstandingtioe human and cultural level.
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1. INTRODUCTION

Slinky, the metal spring toy that walks down stdii@s been my key inspiration. When

squeezed it forms a cylinder with an ellipse assgection (figure 1). The endings remain
circular, parallel or anti-parallel. The truncatealts are assembled to make flexible chains.
They led to the discovery of several transformintylpedra and polyhedral structures.

Figure 1.

2. RING OF ELLIPTIC CYLINDERS

Figure 2 shows a closed ring of 12 anti-paralldipit Cylinders. The parts rotate into
different forms: a square, a circle, a triangle oatahedron and countless others. The ring is
produced by the Swiss toy company NAEF since 1886ed ELLIPSO.

|
|

Figure 2: ELLIPSO, beach wood.




3. CUBE

The Elliptic Cylinder was the subject of my degreark at the Royal College of Art in 1978.
After experimenting with many flexible structuresdécided to build a cube with elliptic
cylinders as edges. The edges were cut under trableuangle of 35° 16’ to get two anti-
parallel circular sections. The parts were providéth axes of rotation, 24 in total. This
geometry allows the cube to transform into a nelyhmlron in which we recognize 12 faces,
24 edges and 14 vertices. The transformation igl.rigurning one of the axes makes the
whole cube follow. The black corner parts remairafpel during the transformation. Each axe
of rotation is parallel to a diagonal of the cubkis observation turned out to be the recipe for
the discovery of the transformation of the othemnbic polyhedra.

S D

Figure 3: Three positions of the transforming cube (35 crachevood).

4. CUBICAL STRUCTURE

The prototype of the cube from 1978 was reproduced small series by the Swiss toy
company NAEF in 1992. The vertices of six cubesemarovided with rotation axes and
assembled. The structure transforms similar tomglsicube. Each cube has 32 rotation axes:
2 per edge plus 8 corners. The direction of rotatid a single cube in the structure can be
chosen: to the right or to the left. The cornetpéehave as if glued together or turning in
opposite direction. This results in different syntries.

dh 4b 8

Figure 4: Three positions of 6 assembled cubes
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Figure 5: View inside the transforming cubical grid. CAD inedgy W.Scheurman.

5. RHOMBIC DODECAHEDRON
The 24 edges of the dodecahedron are provided %itlolding lines. The polyhedron

transforms into a cube. The rhombic dodecahedrom ispace filling solid. Its lattice
transforms in analogy to the cubical.

Figure 6: Open and closed positions of the rhombic dodecaireddottom left: the cube
position. Model: 60 cm, canvas, cardboard, alumimiu
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Figure 7: Medium and closed positions. Model: 90 cm, stripadiboard.

NOTE THE RHOMBIC HEXECONTAHEDRON (60 faces, 120 edges, 240 hinges) is
also a candidate for transformation. A balsa woadleh is being made. | presume it makes
the total set of edge divided transformable polya@dmplete.

7. SPHERES
The concept to transform the cube is applied tosfiteere. The sphere is divided in 8 parts

and connected with 24 axes. The structure operciasds. The model has been printed with
integrated hinges, out of one piece.

Figure 8: Transformed sphere.
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1. INTRODUCTION

2.
Computer graphics enthusiasts have the skills ¢alyme images and animations, but often
lack advanced mathematical knowledge. For matheraas, the opposite is true.
In the field of mathematical visualization thergitally is little interaction between creators
of imagery.

In this presentation | give three cases from my oewperience that show that the
collaboration between professional mathematiciam$é @omputer graphics specialists, and
also the collaboration of computer graphics spsttalamongst themselves, can lead to
interesting results.

Case 1 is about my collaboration with David Wrightte of the authors dhdra’s Pearls, a
book on the limits sets of groups of Moebius transfations. We worked on extending the
code presented in the book, and on the relate@stubf spirals of tangent circles in the plane.
Case 2 describes some of the results of onlinealmaihtion through the Fractalforums
website.

Case 3 is about my work with Etienne Ghys of theSHIyon: graphics for his public lectures,
and the ‘Dimensions’ film. There is now a new fiim the making due to be released in
September 2012.

2. DETAILS

The presentation follows on the subsequent pagkssaself-explanatory.
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Case 2: Fractalforums

= An internet forum where an amazing amount of
novel objects have been invented.

Ideas are launched
and are improved

upon and extended,
often leading to new
‘discoveries’.
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Case 3: Etienne Ghys

= Directeur de recherche at
the ENS, Lyon

» Interests : dynamical
systems, geometry.

= Math visualization and
divulgation.

First collaboration
= International congress of mathematicians, Madrid 2006.
= Ghys’ plenary lecture on “Knots and dynamics”

INTERN NAL
CONGRESS OF

MATHEMATICIANS
MADRID 2006

“Dimensions”

2008 film project : 2 hours of
animation.

Non-profit : Free download
Over 10,000 DVD’s distributed
Website : 1.3M visits in 4 years
Prix d’Alembert 2010
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Illustrations for articles and lectures

. Clay Public Lecture — PARIS 2010
vlaamse wiskunde olympiade = @

innemende wiskunde Etienne Ghys

op Wisio.buo-be
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THE EYE OF THE PAINTER: DECIPHERING ART MATHEMATICA  LLY
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1. INTRODUCTION

This paper is the English translation of a papeat #ppeared in May 2012 in the Dutch
magazine EOS (the images shown here are tracedigiopfyee images of the original quality
color reproductions in EOS). Through this papethauDirk Huylebrouck wanted to draw
attention to the then forthcoming talk at the Royéemish Academy of Belgium.

Wavelets may now be well-known, since they wereliagpn the JPEG-2000 format. They
are used by the FBI for the management of its insaeiingerprint files and by the digital

cinemain Europe and the U.S.Yet, the researchutaltbe digitalization of painted

masterpieces by Vincent Van Gogh, Goossen van @ydéh or the Van Eyck brothers is still
emerging, and this was the topic of the talk gimethe Academy.

2. WAVELETS

In 1822 the Frenchman Joseph Fourier wrote theye3$eory analytique de la Chaleur’
(‘Analytical Theory of Heat’), which literally anfiguratively caused waves. Fourier claimed
almost every phenomenon can be described as a wcatfian of waves (albeit sometimes
infinitely many waves are needed). His theory wamplied, so to say, that ‘everything
vibrates’.

Fourier analysis became a very widespread matheahatheory, but over time some
drawbacks became noticed. As a matter of fact,tiome with a sharp decline often need the
combination of a lot of waves before a good appration can be obtained. In the example
given in the illustration, a good approximation vedgained for the horizontal parts, but at the
beginning and the end of each horizontal line segntiee approach nevertheless always
remained very considerable.

The theory provides a solution to go around thisqamenon. Instead of an infinite number of
eternally up and down undulating waves, the wavatetlysis uses shifts and stretches of a
well-chosen 'mother wavelet’ over a finite and baesh distance. Thus, no infinitely extending
undulating waves combined, but wave packages, dadp so to say: little waves, or wave-
lets. This simplified image processing, following pocedure having more and more
applications, such as in painted art.



/V/\/ﬂ/k

Figure 1: 1. A typical wavelet, called ‘Mexican hat’ (wellsye 2. A function with a steep
decline. 3. The same function approximated by 8&iEpcoefficients, or by 18 wavelet
numbers, and yet the latter better.

3. CHALLENGE

Computer processing of digital art images is adigpexpanding interdisciplinary field. In
2007 the IP4Al workshop was organized in Amsterdamprganized by the Van Gogh
Museum. ‘IP4AI' stands for ‘Image Processing fot Awvestigation’. Part of the meeting was
a challenge issued by the Dutch TV program NOVAowhbuld distinguish a Van Gogh copy
from some authentic works? The copy was made byDhth specialist in paintings
restoration Charlotte Caspers (born in  Ghent, Belgi in 1979; site:
www.charlottecaspersl

Figue : The ‘NOVA challenge’ of the Van Gogh Museum: wigthe fake Van Gogh?

It could be supposed the wavelet analysis of hagelution digitalized copies of the paintings
would allow analyzing the characteristics of thénpags on the resolution level that would
suit them best. The examination of the distributidmavelet coefficients would thus describe
differences in style and brush strokes. In case obpy the brush strokes would be painted
rather hesitantly, she supposed, and this way ddmtified the fourth painting (of the child
collecting grain in a field) as the copy. It wakig but the cheers of her research team would
appear to be premature.

4. DENIAL AND CONFIRMATION

Indeed, during the second edition of that same shwg, this time in New York and in

collaboration with the MoMA, a more difficult chalige awaited the participants. Now, an
additional collection of twenty-one paintings wasgosed, while the copy was of the hand of
a contemporary of Vincent Van Gogh. Some panic ldgiarose: all brush strokes in the

twenty-one paintings seemed painted in a hesitati@gner, when compared to the six
previous paintings. It caused a totally confusiamd econfronted with this riddle, she

eventually asked the organizers of the contestthisvcould be. Their answer was surprising:
the new images were all different simply becaussy twere created with a new scanner.
Goodness!

This created an unpleasant suspicion: had she ctiyrrguessed the fake Van Gogh the
previous year for wrong reason? In order to coreltiis in a definitive way, her team
developed a new technique, in which an extremely Bcale study the amount of ‘blur’ or
‘fuzzy spots’ in the images was measured by relyingthe edges, corners and ends of the
lines. A ‘blur’ index of 0 would stand for a shaggture, and 1 for an image that in fact is but
a blurry spot. For the six paintings in the givedes given from the first IP4Al meeting, the
wavelet group obtained the following blur indic@s65, 0.98, 0.90, 0.10, 0.93, and 0.90. The
fake painting clearly had the lowest blur indexisT¢tonfirmed their Amsterdam hypothesis ‘a
posteriori’ and so the New York IP4Al congress dually became a successful meeting.
Their first hit was unfounded though the team hiasavered what was ‘different’ with the
‘The Picker’, compared with the other five workbetphoto was taken more recently and
therefore sharper. However, could they really deideke painting?

To further prove the usefulness of the wavelet nighe in identifying the originality of
paintings it was decided to set up a new validagaperiment that would be monitored
entirely, without intermediaries and without anydiidnal technical complexities. Charlotte
Caspers would make seven pairs of paintings usifigreht canvases, brushes and even
styles. In each pair there would be one origindvdgs a still life) and one copy, made
afterwards. Both would be painted by Caspers,rgatarkably, it took her half more time to
make the copy than to make the original painting.

It turned out that where Caspers used soft brusiegositive conclusions could be drawn.
But when she had used soft and hard brushes, coptée originals could be distinguished
with an accuracy of 86%! In this way, the ‘luckyile¢’ of the IP4Al conference could be
justified: the method was correct after all.

5. AN UNDERLYING VAN GOGH

One of the participants in the interdisciplinaryth@anatics and art workshops was Joris Dik
of the Delft University of Technology (The Nethertts). Together with his Belgian colleague
Koen Janssens of the University of Antwerp, he mmthaged to obtain a sharp image of a
drawing of the head of a woman made by Van Goghygh Vincent had painted another

work on top of it two years later: ‘Patch of Grads'was known a portrait by Van Gogh lay

under the painting, because he did reuse old caeslato save money. Moreover, art

historians therefore attached particular importandéis underlying portrait as Van Gogh had
written to his brother that he was particularlyssful in creating an intended effect in that
portrait.



Dik's and Janssens’ use of the ‘Deutsches Elektréenchrotron’ (DESY) in Hamburg
(Germany) allowed them to get a better picture thmaprevious estimates of the drawing
lines. In the hidden layer, at .06 to .10 millintstdelow the layer painted afterwards, they
determined the quantities of paint components sischantimony (an element of the so-called
‘Naples yellow’), mercury and arsenic (found in t#@or vermilion), cobalt, lead, and other
chemical components. In this way the lines did evdy emerge more clearly than with prior
techniques, but also the colors.

Figure 3: Van Gogh's ‘Patch of Grass’ and the underlyingtsit.

There were problems though: where the paint inciPaf Grass’ was very thick, the analysis
based on the ‘X-ray fluorescence’, could not preve@hough data. In that case, there were
black spots. This led Dik to suggest the image @dd improved using digital technology.
Dik's team had made pixel by pixel measurements] &ms caused inaccuracies of
synchronization causing anomalies in the alignneémqtarts of the picture. The wavelet team
developed a special yet completely different magtéal algorithm. Next, they used coloring
techniques to fill in the black spots. Finally, yhdetermined the color even better by relying
on the pallet Van Gogh used for other portraitsitagle in Nuenen. And behold, a lost Van
Gogh emerged! Japanese art investors can con&agictdemy for more information.

6. GOOSSEN VAN DER WEYDEN

Another encounter led to work of Goswin or Goosgam der Weyden (Brussels approx. 1465
- Antwerp, 1538), the grandson of the more famoagi& van der Weyden. A sabbatical at
the Free University of Brussels and at the VLAG: #emish Academic Center, which is
division of the Royal Flemish Academy of Belgiungdlto contacts with art historian

Maximilian Martens (Gent University, Belgium; VLACWwho did research there as well,
together with his colleague Marc De Mey. The laitealso involved with experiments about
the Mystic Lamb, and Martens’ research group comtdis the scientific work at the Gent
University during the forthcoming restoration oétpainting by the Van Eycks.

It happened one of the conversations was about Bosm der Weyden, who made several
now famous paintings, such as for an Abbey in thallsBelgian town of Tongerlo and for the

Saint Gummarus church in another city, Lier. Hiptyich ‘Presentation of Jesus in the
Temple’ even moved to Lisbon, Portugal. Goossen demWeyden used a great variety of
different styles for its underlying drawings. Theaere not only a consequence of certain
periods in his career, sometimes they also includditations for his employee who would

eventually paint that part of the work (the masliein’'t necessarily work alone). The question
remained if it could be mathematically verifiedttlaa underlying drawing style characteristic
consistently corresponded to the part painted altoviéhat is, can the drawing and painting

features really be classified ‘mathematically’,aoe they “the most individual expressions of
the most intense personal emotions” as some Dutehgnce lyrically described art?

Probability in %
Drawing
style | Detail A | Detail B| Detail C| Detail D] DetailH Deld | Detail G
1 0 8 4 2 8 1 8
2 3 31 6 13 18 14 42
3 96 28 82 60 53 37 49
4 1 33 8 25 21 48 1
Correct 3 3 3 4 1 4 2
answer
fuccess yes close Yes close no Yes close

Figure 4: For the woman'’s head of Goossen van der Weyd¢ail(@), the mathematical
method was not conclusive, because two drawingstyere used simultaneously: style 1 (in
green in the drawing above) and style 3 (red).

The team received a collection of details of pausiwith the corresponding under-drawings
and their classification. They ‘trained’ an algbnit to distinguish the corresponding styles of
painted surfaces. Next, they got seven fragmentsaofted details, unknown to them, and
they were asked to predict what the underlyingestybe would be. Math can be exciting, yes
indeed.

Their algorithm gave the probabilities at which etaill of the painting corresponded to a
given drawing style. Only the analysis for the megd detail E was disappointing, but a
further investigation turned out that two stylesreveised simultaneously in this singular
case. Thus, the technique would not even have teeable to provide a decisive conclusion
in this case. The paintings and drawing charatiesi®y Van der Weyden turned out to be
truly measurable, mathematically. They appeardzbtmore than mere individual expressions
of emotions.

7. MYSTIC LAMB

Today, the methods for processing images are apfdidlystic Lamb. The techniques do not
only concern wavelets anymore. Indeed, two teams mwvestigate on the use of image
processing in art, one at the University of Gh&ligium, with Aleksandra Pizurica, Ljiljiana

PlatiSa, and Tijana Ruzic (TELIN-IPI-IBBT Departntgnand another one at the Free
University of Brussels, Belgium, with Bruno Corrseland Ann Dooms (ETRO-IBBT

Department).



igure 5: The Mstic Lamb.

Moreover, interested readers are encouraged tcstigage themselves, as they can freely
consult very precise images of the Mystic Lamb be website 'Closer to Van Eyck’
(http://closertovaneyck.kikirpa.be/lt shows extremely high resolutions images,d&smany

as 100 billion pixels of images were processed. fnchse of a question, readers can always
contact the cheerleader...




PART 2: WORKSHOPS AND EXHIBITIONS HELD AT THE DEPARMENT OF
ARCHITECTURE SINT-LUCAS, ON MAY 11 AND MAY 12



